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Some Learning Material

§ Book: https://mml-book.com (Chapter 6)

§ MOOC:
https://www.coursera.org/learn/pca-machine-learning

(Week 1)
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Probabilities

Impossible CertainEven ChanceUnlikely Likely

1-in-6 Chance 4-in-5 Chance

0 1

2
0

17

§ Describe a frequency ratio of events

§ Express uncertainty when making predictions

§ Capture a degree of belief about a hypothesis

Probabilities are sufficient for reasoning under uncertainty
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Probability Distributions

§ Probability density function (continuous x)

ppxq ě 0 ,
ż

ppxqdx “ 1

§ Probability mass function (discrete x)

ppxq ě 0 ,
ÿ

x
ppxq “ 1

§ Here: We are imprecise and call pp¨q a probability distribution
§ If x is continuous ppxq is not the probability of event x happening
§ Cumulative distribution function

ppx ď tq “
ż t

´8

ppxqdx P r0, 1s

§ Joint distribution ppx, yq of two random variables x, y
§ Conditional distribution ppx|yq of x given y
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Summary Statistics

D “ t´1, 1, 2u

§ Summarize datasets or random variables by describing some of
their properties

§ Examples:
§ Mean/Expected value (average): 2{3
§ Variance (related to spread of the data around the mean): 1.56
§ Median (data point “in the middle”, i.e., value so that another data

point is equally likely to be greater or smaller) ‰mean: 1
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Mean, Mode, Median (Continuous Distributions)

Mean

Mode

Median
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Mean (Expected Value)

§ “Average”

§ Does not have to be part of the dataset or a plausible realization
of a random variable ( dice)

Exrxs “
ż

xppxqdx “: µx P R
D if x P RD is continuous

Exrxs “
1
N

N
ÿ

n“1

xn “: µx P R
D if x P RD is discrete

Exrxs “

»

—

–

Ex1rx1s
...

ExD rxDs

fi

ffi

fl

P RD
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Empirical Mean

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

§ Random variable x P RD

§ N concrete realizations x1, . . . , xN , xn P R
D

§ Empirical mean (estimate of the true mean:

1
N

N
ÿ

n“1

xn P R
D
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Variance

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

§ Both datasets have the same (empirical) mean

§ Need a different quantity to describe “spread” of the data around
the mean Variance

§ Variance: Expected (squared) distance of data from the mean

Vrxs :“ Exrpx´ µxqpx´ µxq
Js

Vrxs :“
ż

px´ µxqpx´ µxq
Jppxqdx P RDˆD if x P RD is continuous

Vrxs :“
1
N

ÿN

n“1
pxn ´ µxqpxn ´ µxq

J P RDˆD if x P RD is discrete
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Empirical Variance

§ Random variable x P RD

§ N concrete realizations x1, . . . , xN , xn P R
D

§ Empirical variance (estimate of the true variance):

1
N

N
ÿ

n“1

pxn ´ µqpxn ´ µqJ P RDˆD
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Empirical Variance

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

D1 “ t1, 2, 4, 5u , D2 “ t´1, 3, 7u

Compute the empirical variances for both datasets

§ VrD1s “ 2.5

§ VrD2s “ 10.66 D2 is more spread (around the mean) than D1

§ Standard deviation
a

Vr¨s describes the spread more naturally
and possesses the same units as the mean
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Covariance and Cross-Covariance

−5 0 5
x

−2

0

2

4

6

y

§ Variances along each axis remain constant, but properties of the
dataset change

§ Variances insufficient to characterize the relationship/correlation
of two random variables

Cross-covariance
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Cross-Covariance (2)

x P RD, y P RE. Then
§ Cross-covariance:

Covrx, ys :“ Ex,yrpx´ µxqpy´ µyq
Js

Covrx, ys :“
ĳ

px´ µxqpy´ µyq
Jppxqppyqdxdy P RDˆE

if x, y are continuous

Covrx, ys :“
1
N

N
ÿ

n“1

pxn ´ µxqpyn ´ µyq
J P RDˆE

if x, y are discrete

§ Vrxs “ Covrx, xs P RDˆD

§ Covrx, ys “ Covry, xsJ P RDˆE
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Covariance Matrix

§ Random variable

x “

»

—

—

–

x1
...

xD

fi

ffi

ffi

fl

P RD

§ Variance of this D-dimensional random variable is given by a
covariance matrix

Vxrxs “

»

—

—

—

—

–

Vrx1s Covrx1, x2s ¨ ¨ ¨ Covrx1, xDs

Covrx2, x1s Vrx2s ¨ ¨ ¨ Covrx2, xDs
...

. . .
...

CovrxD, x1s ¨ ¨ ¨ VrxDs

fi

ffi

ffi

ffi

ffi

fl

P RDˆD

§ Covariance matrix is symmetric, positive (semi-)definite
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Mean and (Co)Variance

Mean and (co)variance are often useful to describe properties of data
distributions (expected values and spread).

Summary

Exrxs “
ż

xppxqdx “: µ

˜

1
N

N
ÿ

n“1

xn

¸

Vxrxs “ Exrpx´ µqpx´ µqJs “ ExrxxJs ´ µµJ “: Σ

Covrx, ys “ Ex,yrxyJs ´ExrxsEyrysJ

Compute the mean and (co)variance of the following datasets

D1 :“ t´2,´1, 2u D2 :“
"„

1
2



,
„

5
4

*
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Translation: Effect on the Mean

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

§ What happens to the mean of a dataset if we shift/translate it by
2?
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Scaling: Effect on the Mean

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

§ What happens to the mean of a dataset if we scale it by 2?
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Translation: Effect on the Variance

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

§ What happens to the variance of a dataset if we shift it by 2?
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Translation: Effect on the Variance

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

§ What happens to the variance of a dataset if we shift it by 2?
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Translation: Effect on the Variance

−2.5 0.0 2.5 5.0 7.5 10.0 12.5

§ What happens to the variance of a dataset if we shift it by 2?
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Scaling: Effect on the Variance
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Linear/Affine Transformations

y “ Ax` b, where Exrxs “ µ, Vxrxs “ Σ

Erys “

ExrAx` bs “ AExrxs ` b “ Aµ` b

Vrys “

VxrAx` bs “ VxrAxs “ AVxrxsAJ “ AΣAJ
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Sum of Random Variables

x, y P RD random variables. Then

Erx˘ ys “ Exrxs ˘Eyrys
Vrx˘ ys “ Vrxs `Vrys ˘Covrx, ys ˘Covry, xs
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