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Learning Material

» Pattern Recognition and Machine Learning, Chapter 4 (Bishop,
2006)

» Machine Learning: A Probabilistic Perspective, Chapter 8
(Murphy, 2012)
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Binary Classification

Ty

» Supervised learning setting with inputs x,, € RP and binary
targets v, € {0, 1} belonging to classes C1, Cs.

*» Objective: Find a decision boundary /surface that separates the
two classes as well as possible
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Class Posteriors

» Binary classification problem with two classes Cy, C».
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Class Posteriors

» Binary classification problem with two classes Cy, C».
» Posterior class probability p(y = 1|x) = p(C1|x):
p(x|C)p(C1)
Cilx) = ————=
p( 1’ ) p(x)
p(x) = p(x|C1)p(C1) + p(x[C2)p(C2)
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Class Posteriors

» Binary classification problem with two classes Cy, C».
» Posterior class probability p(y = 1|x) = p(C1|x):
p(x|C1)p(C1)
Cilx) = —————=
p( 1’ ) p(x)
p(x) = p(x[C1)p(C1) + p(x[C2)p(Ca)
» Define the log-ratio of the posteriors (log-odds)

@l plep(cy)
=108 L Goln) 18 palCo)p(Cy)
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Class Posteriors

» Binary classification problem with two classes Cy, C».
» Posterior class probability p(y = 1|x) = p(C1|x):
x|C1)p(Cq
plCilx) = PELUEE)
p(x) = p(x[C1)p(C1) + p(x[C2)p(Ca)
» Define the log-ratio of the posteriors (log-odds)
pClx) _,  p[C)p(C1)

7

=108 L Goln) 18 palCo)p(Cy)
» Then
e 1 _n
o(a) = 1+exp(—a)

)

~~
logistic sigmoid

» Discuss with your neighbors
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Logistic Sigmoid

p(C1|x) p(x[C1)p(C1)
a:.= 10 =108 —————— 5>
Ep(Calx) ~ 8 prlC2)p(Ca)
1 T .
0'({1) = HT:P(—Q) = P(C]|x) LOngth SlngId
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Logistic Sigmoid

p(C1]x) p(x|C1)p(C1)
a .= 10 =10 ———————
8 p(Calx) ~ 8 p(xICo)p(Ca)

1

o(a): = p(C1]x) Logistic sigmoid

1+ exp(—a)

» Assign the label for C; to x if o(a) = p(C1|x) = p(y = 1|x) = 0.5
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Generalization to the Multiclass Setting

» Assume we are given K classes. Then

p(x|Ci)p(Ck)
i1 p(x(C)p(C))

is the generalization of the logistic sigmoid to K classes.

p(Cilx) =

» Softmax function, Boltzmann distribution, normalized

exponential
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Implicit Modeling Assumptions

» Assume Gaussian class conditionals
p(x|C) = N (x|py, Z)

where the covariance matrix X is shared across all K classes.
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Implicit Modeling Assumptions

» Assume Gaussian class conditionals
p(x|C) = N (x|py, Z)
where the covariance matrix X is shared across all K classes.
» For K = 2 we get (Bishop, 2006)
p(Ci|x) = a(BTx +6o),

1/ + Ty p(C1)
-1 o 1, 1 1
0:=X " (uy—ny), bo:= > (;12 X ou,—m L yl) + log (@)
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Implicit Modeling Assumptions

» Assume Gaussian class conditionals
p(x|C) = N (x|py, Z)
where the covariance matrix X is shared across all K classes.
» For K = 2 we get (Bishop, 2006)
p(Ci|x) = a(BTx +6o),

_ 1 _ - (€1)
_y—1 A Ty-1,  Ty-1 plt1
0:=X (uy—m,), 6o:= 5 (;12 L u,—m L yl) + log 2(Co)

» Argument of the sigmoid is linear in x
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Implicit Modeling Assumptions

» Assume Gaussian class conditionals
p(x|C) = N (x|py, Z)
where the covariance matrix X is shared across all K classes.
» For K = 2 we get (Bishop, 2006)
p(Ci|x) = a(BTx +6o),

_ 1 _ - (€1)
_y—1 A Ty-1,  Ty-1 plt1
0:=X (uy—m,), 6o:= 5 (;12 L u,—m L yl) + log 2(Co)

» Argument of the sigmoid is linear in x

» Decision boundary is a surface along which the posterior class
probabilities p(Ci|x) are constant

» Decision boundary is a linear function of x
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Implicit Modeling Assumptions

» Assume Gaussian class conditionals
p(x|C) = N (x|py, Z)
where the covariance matrix X is shared across all K classes.
» For K = 2 we get (Bishop, 2006)
p(Ci|x) = a(BTx +6o),

1/ + Ty— p(C1)
—y-1 ._ 1, _ 1 1
0:=X (uy—m,), bo: > (;12 L u,—m L F‘1) + log )

» Argument of the sigmoid is linear in x
» Decision boundary is a surface along which the posterior class
probabilities p(Ci|x) are constant
» Decision boundary is a linear function of x
» If covariances are not shared: Quadratic decision boundaries
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Model Specification (Logistic Regression)

Logistic Regression

likelihood

Marc Deisenroth
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Model Specification (Logistic Regression)

» Bernoulli likelihood !

0.8

y {01} ‘
p(ylx, 8) = Ber(y|u(x)),
ux) =ply =1x) = o(6"x)
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Model Specification (Logistic Regression)

1.0

» Bernoulli likelihood
ye{0,1}
p(ylx, 0) = Ber(y|u(x)),
u(x) = ply =1lx) = o(6"x)

0.8

7
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5.0

» Label y depends on input location x, i.e., y(x) needs tobe a

function of x
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Model Specification (Logistic Regression)

1.0 —

» Bernoulli likelihood ’

ye{0,1}

p(y|x, 0) = Ber(y|u(x)),
ux) = p(y =1|x) = o(6"x)

0.0 PYNPVNI PYST=Y a

» Label y depends on input location x, i.e., jt(x) needs to be a
function of x

» Idea: Linear model 0" x (as in linear regression)
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Model Specification (Logistic Regression)

» Bernoulli likelihood ’

y e {0,1} b

p(y|x, 0) = Ber(y|u(x)),
ux) = p(y =1|x) = o(6"x)

1.0 —

0.0 PYNPVNI PYST=Y a
-100 =75 =50 =25 0.0 2.5 5.0
X

» Label y depends on input location x, i.e., y(x) needs tobe a

function of x
» Idea: Linear model 0" x (as in linear regression)
» Ensure 0 < p(x) <1
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Model Specification (Logistic Regression)

1.0 —

» Bernoulli likelihood ’

ye{0,1}

p(y|x, 0) = Ber(y|u(x)),
ux) = p(y =1|x) = o(6"x)

» Label y depends on input location x, i.e., (x) needs f\o be a
function of x

» Idea: Linear model 0 x (as in linear regression)

» Ensure 0 < p(x) <1

» Squash the linear combination through a function that

guarantees this: u(x) =oc(8'x)
= p(ylx, 8) = Ber(y|o(0"x))

Logistic Regression Marc Deisenroth @Imperial College London, February 8, 2019 8



Model Fitting

» Estimate model parameters 6 (MLE or MAP)
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Model Fitting

» Estimate model parameters 6 (MLE or MAP)
» Likelihood (training data X, y):
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Model Fitting

» Estimate model parameters 6 (MLE or MAP)
» Likelihood (training data X, y):

N
p(y|X,0) HBer ynlo(07x,)) = H )V (
n=1 n=1
N
= H ]«l%n(l —u )17yn
n=1

» Negative log likelihood (cross-entropy):
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Model Fitting

» Estimate model parameters 6 (MLE or MAP)
» Likelihood (training data X, y):

N
p(y|X/0) = HBGI’ ynlae xn = H yn
n=1 n=1
:H % 1_ 1yn
n=1
(6" x,)

» Negative log likelihood (cross-entropy):

N
NLL = — Z Yulogun + (1 —yu) log(1 — un)

n=1
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Model Fitting (2)

» Derivative of sigmoid w.r.t. its argument:

1
0(zn) = 1+ exp(—zx)
do(zy)
dz,
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Model Fitting (2)

» Derivative of sigmoid w.r.t. its argument:

B 1
o(zn) = 1+ exp(—zy)
. do(zy) exp(—zy)

dz, - (1+ exp(—2zn))? = 0(zn)(1—0(zn))
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Model Fitting (2)

» Derivative of sigmoid w.r.t. its argument:

1
o(zn) = 1+ exp(—zy)

= = el = e ~ete)

» Gradient of the negative log-likelihood:

dNLL__Z RN B 7
- y” V== ) qe

dun _
de
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Model Fitting (2)

» Derivative of sigmoid w.r.t. its argument:

1
o(zn) = 1+ exp(—zy)

= = el = e ~ete)

» Gradient of the negative log-likelihood:

dNLL__Z 1y L) b

- y” YT, ) Tde
dpun i T _do(zy)dz, B T
0 - dea(ﬂ Xy ) = &z, do =0(zy)(1 —0(zn))x,

Zn

Logistic Regression Marc Deisenroth @Imperial College London, February 8, 2019

10



Model Fitting (3)

X = [xl,...,xN]T

» No closed-form solution M Gradient descent methods

» Unique global optimum exists
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Example

Logistic Regression
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p(ylx,8) = Ber(c(6p + 01x1 + 62x2))
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Comments on Maximum Likelihood

» If the classes are linearly separable, the decision boundary is not
unique and the likelihood will tend to infinity

» Overfitting is a again a problem when we work with features
¢ (x) instead of x

» Maximum a posteriori estimation can address these issues to
some degree
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» Log-posterior:
logp(0|1X,y) = log p(y|X,0) + log p(6) + const

@Imperial College London, February 8, 2019

» No closed-form solution for Oyap
» Numerical maximization of the log-posterior
Marc Deisenroth
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Predictive Labels

3
2 [ ]
1
0
-1
)
2
p(y = 1|x, 0nmap) = Ber(c(x " Opap)

Logistic Regression
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Bayesian Logistic Regression

For a given (i.i.d.) dataset D := {(x1,¥1),..., (*n,YN)} compute a

posterior distribution on the parameters 6
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Bayesian Logistic Regression

For a given (i.i.d.) dataset D := {(x1,¥1),..., (*n,YN)} compute a

posterior distribution on the parameters 6

> Choose Gaussian prior p(8) = N (60, So)

» Posterior (via Bayes’ theorem):
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Bayesian Logistic Regression

For a given (i.i.d.) dataset D := {(x1,¥1),..., (*n,YN)} compute a

posterior distribution on the parameters 0

> Choose Gaussian prior p(8) = N (60, So)

» Posterior (via Bayes’ theorem):

P(9|'D) _ P(B)P(}/\f’, X) _ N(e | 0, SO)H;\]:l Ber((f(x;f)))
PyIX) §AN(010, So) [T, Ber(c(x] 0))d6
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Bayesian Logistic Regression

For a given (i.i.d.) dataset D := {(x1,¥1),..., (*n,YN)} compute a

posterior distribution on the parameters 0

> Choose Gaussian prior p(8) = N (60, So)

» Posterior (via Bayes’ theorem):

P(9|'D) _ P(B)P(}/\G, X) _ N(e | 0, SO)Hyzl Ber((f(x;f)))
PyIX) §AN(010, So) [T, Ber(c(x] 0))d6

» No analytic solution
» Approximations necessary
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Laplace Approximation

» Objective: Locally approximate an unknown distribution

p(x)cexp(=E(x)) =: p(x)

around x, with a Gaussian distribution g(x).
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17



Laplace Approximation

» Objective: Locally approximate an unknown distribution

p(x)ocexp(—E(x)) =: p(x)
around x, with a Gaussian distribution g(x)

» Idea: Taylor-series expansion of —log p(x) = E(x) around a mode
x* (MAP estimate)

Logistic Regression Marc Deisenroth @Imperial College London, February 8, 2019 17



Laplace Approximation

» Objective: Locally approximate an unknown distribution

p(x)ocexp(—E(x)) =: p(x)
around x, with a Gaussian distribution g(x)
X

» Idea: Taylor-series expansion of —log p(x) = E(x) around a mode

x* (MAP estimate)
—log fi(x) ~ E(x™) + J(x™)(x — x*) + %(x—x*)TH(x*)(x—x*),

J: Jacobian, H: Hessian
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Laplace Approximation

» Objective: Locally approximate an unknown distribution

p(x)cexp(=E(x)) =: p(x)
around x, with a Gaussian distribution g(x).

» Idea: Taylor-series expansion of —log p(x) = E(x) around a mode

x* (MAP estimate)
~log p(x) ~ E(x") + J(e*) (x — ") + 5 (x — xe) H(xa) (x — "),
J: Jacobian, H: Hessian
» J(x*) = 07 because x* is a stationary point (mode) of log
() ~ exp(—E(x*)) exp(—5 (x — %) H(xa)(x "))
N (x|x*, HY) = q(x)
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Laplace Approximation: Example

» Unnormalized distribution:

p(x) = exp(—%xz)a(ux +)

» Discuss with your neighbors

Logistic Regression Marc Deisenroth @Imperial College London, February 8, 2019
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Laplace Approximation: Example

0.6 0.6
0.5 0.5
0.4 0.4

03 503

=
0.2 0.2
0.1 0.1
0.0 0.0
—4 2 —4

» Unnormalized distribution:

p(x) = exp(—%xz)a(ux +b)
g(x) =N (x )x*, (14 a?pus(1 - y*))‘l) , M =0(axs +b)
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Laplace Approximation: Properties

v

Only need to know the unnormalized distribution p

v

Finding the mode: numerical methods (optimization problem)

» Captures only local properties of the distribution

v

Multimodal distributions: Approximation will be different
depending on which mode we are in (not unique)
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Laplace Approximation: Properties

» Only need to know the unnormalized distribution f
» Finding the mode: numerical methods (optimization problem)
» Captures only local properties of the distribution

» Multimodal distributions: Approximation will be different
depending on which mode we are in (not unique)

» For large datasets, we would expect the posterior to converge to a
Gaussian (central limit theorem)
» Laplace approximation should work well in this case
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Posterior Approximation

1.25 1.25

1.00 1.00

0.75 0.75

<& 030 < 030
0.25 0.25

0.00 0.00
—0.25 —0.25
—0.50 —0.50

2.0 15 ~1.0 —0.5 2.0 —15 ~1.0 —0.5
6, 0

» Left: true parameter posterior

» Right: Laplace approximation
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Posterior Decision Boundary

T2

— MAR

Samples from Posterior

—4 -2 0 2

» Parameter samples 0; drawn from Laplace approximation q(6) of
posterior p(0|X)
» Decision boundary drawn for each 0;
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Predictions

Assume a Gaussian distribution p(6) = N (p, ) on the parameters
(e.g., Laplace approximation of the posterior). Then:

plyl) = [ plylx O)p(6)ae
_ f Ber(c:(87x))\' (6|, £)d6

— Eg[Ber(c (0" x))]
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Predictions

Assume a Gaussian distribution p(6) = N (p, ) on the parameters
(e.g., Laplace approximation of the posterior). Then:

p(ylx) = f p(ylx, 0)p(6)do

_ f Ber(c(6" x))\V (0|, £)do
= Eg[Ber(c(6"x))]

» Integral intractable
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Predictions

Assume a Gaussian distribution p(6) = N (p, ) on the parameters
(e.g., Laplace approximation of the posterior). Then:

plyl) = [ plylx O)p(6)ae
_ f Ber(c:(87x))\' (6|, £)d6

— Eg[Ber(c (0" x))]

» Integral intractable

» “Plug-in approximation”: use posterior mean (MAP estimate)
E[6]X, y]

» Monte Carlo estimate (sampling from p(0) is easy)

Logistic Regression Marc Deisenroth @Imperial College London, February 8, 2019 22



Predictions (2)

1. Samples from Laplace approximation of the posterior

2. Monte-Carlo estimate of label prediction

Logistic Regression

Marc Deisenroth

@Imperial College London, February 8, 2019

23



Comparison with MAP Predictions

)

T2

(a) MAP (b) Bayesian Logistic Regression

» Predictive labels
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Summary

100 -7.5 -50 -25 00 25 50 7.5 100 —0a0

n > ) 3 50 5 10
a

» Binary classification problems

» Linear model with non-Gaussian likelihood

» Implicit modeling assumptions

» Parameter estimation (MLE, MAP) no longer in closed form

» Bayesian logistic regression with Laplace approximation of the
posterior

Logistic Regression Marc Deisenroth @Imperial College London, February 8, 2019
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